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STABLE NON-SYMMETRIC COUPLING OF THE FINITE
VOLUME AND THE BOUNDARY ELEMENT METHOD FOR
CONVECTION-DOMINATED PARABOLIC-ELLIPTIC
INTERFACE PROBLEMS
CHRISTOPH ERATH AND ROBERT SCHORR
Abstract. Many problems in electrical engineering or fluid mechanics can
be modeled by parabolic-elliptic interface problems, where the domain for
the exterior elliptic problem might be unbounded. A possibility to solve this
class of problems numerically is the non-symmetric coupling of finite elements
(FEM) and boundary elements (BEM) analyzed in [EES17]. If, for example,
the interior problem represents a fluid, this method is not appropriate since
FEM in general lacks conservation of numerical fluxes and in case of convection
dominance also stability.
A possible remedy to guarantee both is the use of the vertex-centered finite
volume method (FVM) with an upwind stabilization option. Thus we propose
a (non-symmetric) coupling of FVM and BEM for a semi-discretization of the
underlying problem. For the subsequent time discretization we introduce two
options: a variant of the backward Euler method which allows us to develop
an analysis under minimal regularity assumptions and the classical backward
Euler method. We analyze both, the semi-discrete and the fully discrete sys-
tem, in terms of convergence and error estimates. Some numerical examples
illustrate the theoretical findings and give some ideas for practical applications.
1. Introduction
We consider a parabolic-elliptic interface problem on a bounded domain Ω ⊂ R2
with diam(Ω) < 1 and its complement Ωe = R2 \ Ω. The domains are connected
through a polygonal Lipschitz boundary Γ = ∂Ω = ∂Ωe. An extension of our anal-
ysis to three dimensions is straightforward. Note that the assumption diam(Ω) < 1
is needed in two dimensions to ensure ellipticity of the single layer operator defined
below. This can always be achieved by scaling.
The known model parameters are a symmetric diffusion matrix A, a possi-
bly dominating velocity field b, and a reaction coefficient c. Furthermore, the
coupling boundary Γ is divided in an inflow and outflow part, namely Γin :=
{x ∈ Γ : b(x) · n(x) < 0} and Γout := {x ∈ Γ : b(x) · n(x) ≥ 0}, respectively, where
n is the normal vector on Γ pointing outwards with respect to Ω. Then our model
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2 C. ERATH AND R. SCHORR
problem reads: Find u and ue such that
∂tu+ div(−A∇u+ bu) + cu = f in Ω× (0, T ),(1)
−∆ue = 0 in Ωe × (0, T ),(2)
with coupling conditions across the interface given by
u = ue + g1 on Γ× (0, T ),(3)
(A∇u− bu) · n = ∂nue + g2 on Γin × (0, T ),(4)
(A∇u) · n = ∂nue + g2 on Γout × (0, T ),(5)
with a fixed time T > 0. To ensure the uniqueness of the solution, we additionally
require the following initial and radiation conditions
u(·, 0) = q on Ω,(6)
ue(x, t) = a(t) log |x|+O(|x|−1) |x| → ∞.(7)
The function a(t) : [0, T ]→ R is unknown but can be computed from the solution,
see Remark 5. The model input data are q, f , g1, and g2. Note that the inte-
rior problem is the time dependent prototype of transport and flow of a substance
in a porous medium coupled to a diffusion process in an unbounded domain. The
coupling to the exterior problem can also be seen as a “replacement” of (maybe) un-
known Dirichlet and/or Neumann data, see also [Era12, Remark 2.1]. For a model
problem in three dimensions, we only have to replace the radiation condition (7)
by ue(x, t) = O(|x|−1), |x| → ∞.
The recent work [EES17] analyzes the numerical approximation of a parabolic-
elliptic interface problem by a non-symmetric coupling of the finite element method
(FEM) and the boundary element method (BEM) followed by a variant of the back-
ward Euler method for the discretization in time. This allows us to state quasi-
optimality results in the natural energy norm for both, the semi discrete system
and the fully discrete system under minimal regularity assumptions on the data and
the solution. Although [EES17] provides an analysis of the discrete system only
for the simple model problem A = I, b = (0, 0)T , and c = 0, the arguments can
be easily applied to the more general model problem (1)–(7). This class of prob-
lems includes convection-diffusion-reaction equations in the interior domain which
can be dominated by convection and thus pose some challenges to the numerical
method. In the convection dominated case, the FEM-BEM coupling is not stable
anymore and yields unwanted oscillations. In a study of different stable discretiza-
tion methods for convection-diffusion equations with dominating convection the
work [ACF+11] concludes that the Streamline Upwind Petrov Galerkin (SUPG)
method or the finite volume method (FVM) with upwind stabilization are the sim-
plest approaches and often sufficient. Note that SUPG creates sharper layers than
FVM with upwinding but does not completely avoid spurious oscillations. Further-
more, the numerical fluxes are not conservative. The FVM, however, provides a
natural upwind stabilization for convection dominated problems and avoids spuri-
ous oscillations. Additionally, it preserves conservation of numerical fluxes due to
an approximation of the balance equation and on certain grids it fulfills the maxi-
mum principle. Therefore, FVM is often the method of choice for fluid mechanics
applications. Our second ingredient is the BEM, which is based on an integral
equation formulation with the fundamental solution of the differential operator to
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represent the solution of the exterior problem by the Cauchy data (ue, ∂nue)|Γ on
the boundary Γ, see, e.g., [McL00]. The discretization problem is then reduced to
its boundary. Finally, the solution can be post processed through a representation
formula in the domain and the fluxes are in a sense locally conservative. This strat-
egy avoids the truncation of an unbounded domain which would be necessary for
domain based methods like FEM or FVM.
This motivates us to consider the coupling of the vertex-centered finite vol-
ume method (FVM) with BEM. In [Era12, EOS17, vertex-centered FVM-BEM]
and [Era13, cell-centered FVM-BEM] this coupling combination was considered as
well, but only for stationary interface problems. In the literature there exist differ-
ent coupling strategies with BEM. The easiest one is the so-called non-symmetric
coupling approach [JN80, MS87] which will be considered in this work. It is well
known that implicit methods for parabolic problems are preferable over explicit
methods. Hence we will either use a variant of the backward Euler or the classical
backward Euler method in the time regime. These two time discretizations only
differ in the right-hand side. The variant is computational more expensive but
allows us to state quasi-optimal results under minimal regularity assumptions also
in the time component of the solution for the fully discrete system. For the classi-
cal Euler scheme, however, we need standard regularities due to Taylor expansion
techniques. In contrast to the analysis of the FEM-BEM coupling, we are not able
to achieve the analysis for our coupling method in the full energy norm, i.e., we
have to omit the dual norm of the time derivative. The finite volume formulation
does not allow a right-hand side that is less regular than L2 and therefore does not
permit the tricks to handle the dual norm, see, e.g., the proof of [EES17, Lemma
8]. In contrast to a standard FEM-BEM coupling our FVM-BEM coupling does
not have a “global” Galerkin orthogonality. Hence we will also have to handle some
extra terms concerning the model input data. However, the analysis still holds for
minimal regularity requirements on the solution.
We summarize our main results as follows:
• We formulate the non-symmetric coupling of the finite volume method with
the boundary element method which leads to the semi-discretization of the
model problem.
• We show convergence of the semi-discrete scheme under minimal regularity
requirements on the solution and provide error estimates with optimal rates.
• For the full discretization with the variant of the backward Euler scheme we
provide convergence under minimal regularity assumptions on the solution
and provide error estimates with optimal rates. If we use the classical Euler
scheme for time discretization the usual regularity assumptions for the time
component lead to first order error estimates.
• It is important to note that the analysis still holds if we use an upwind
stabilization or if we consider the model problem in three dimensions.
• We can apply the analysis in this work also for standalone FVM, i.e., one has
Dirichlet and/or inflow/outflow Neumann boundary conditions on Γ instead
of the coupling conditions. Note that our results also improve results in the
literature, e.g., [ELL02, CLT04].
The rest of the paper is organized as follows: In section 2 we state the basic nota-
tion, introduce the triangulation and discrete spaces, state a variational formulation
of our PDE-system and the well-posedness of the model problem. In section 3 the
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finite volume method and the upwind stabilization are introduced. Section 4 de-
fines the semi-discretization of the whole model problem and analyzes convergence
of this discretization to the continuous solution with rates. Section 5 states conver-
gence and a priori results for the full discretization with both time discretizations.
Lastly we provide some numerical experiments in section 6 to support the preceding
theoretical results and state some concluding remarks in section 7.
2. Assumptions and weak coupling formulation
In this section, we first introduce some basic notation and assumptions. Then
we formulate and analyze a weak formulation of our model problem. Throughout,
C > 0 denotes a constant which may vary at different occurrences. Furthermore,
we abbreviate the relation a ≤ Cb by a . b.
2.1. Notation and basic assumptions. We write L2(·) and Hs(·), s ∈ R, for
the usual Lebesgue- or Sobolev spaces. The space of all traces of functions from
Hs(Ω) is Hs−1/2(Γ), s > 1/2, see [Eva10, McL00] for details. We denote the L2
scalar product for ω ⊂ Ω by (· , ·)ω and duality between Hs(Γ) and H−s(Γ) is given
by the extended L2-scalar product 〈· , ·〉Γ.
To shorten the notation, we will use
H = H1(Ω) and B = H−1/2(Γ)
for the main function spaces which are natural to this problem. Furthermore, we
denote by
HT = L
2(0, T ;H) and BT = L
2(0, T ;B)
the corresponding Bochner spaces of functions on [0, T ] with values in H and B,
respectively. The associated dual spaces are given by H ′ = H1(Ω)′ and B′ =
H1/2(Γ) as well as H ′T = L
2(0, T ;H ′) and B′T = L
2(0, T ;B′). We also abbreviate
the spaces L2(0, T ;L2(Ω)) and L2(0, T ;L2(Γ)) by
L2T,Ω := L
2(0, T ;L2(Ω)) and L2T,Γ = L
2(0, T ;L2(Γ)),
respectively. All spaces above are Hilbert spaces if equipped with their natural
norms, e.g., ‖v‖2HT =
∫ T
0
‖v(t)‖2H dt. We further use
QT = {v ∈ HT : ∂tv ∈ H ′T and v(0) = q}
to denote the natural energy space for the parabolic problem on Ω. To simplify
notation we also use a product space and norm notation, e.g., we equip the space
H := H ×B = H1(Ω)×H−1/2(Γ) with the norm
‖v‖2H := ‖v‖2H1(Ω) + ‖ψ‖2H−1/2(Γ)
for v = (v, ψ) ∈ H.
For the model parameters we assume the following regularities: The diffusion
matrix A : Ω → R2×2 has piecewise Lipschitz continuous entries; i.e., entries in
W 1,∞(K) for every K ∈ T , where T is a mesh of Ω introduced below in section 3.1.
Additionally, A is bounded, symmetric, and uniformly positive definite. The min-
imum eigenvalue of A is λmin(A). Furthermore, b ∈ W 1,∞(Ω)2 and c ∈ L∞(Ω)
fulfill
1
2
div b(x) + c(x) > 0 for almost every x ∈ Ω.
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Hence the system is indeed parabolic-elliptic. For the model input data we allow
q ∈ L2(Ω), f ∈ H ′T , g1 ∈ B′T and g2 ∈ BT .
Remark 1. To handle the case 12 div b + c = 0 we use a standard transformation of
the whole system, i.e., multiplying by e−λt with λ > 0 leads to a system (1)–(7) in
the variables uλ = ue
−λt and ue,λ = uee−λt with an additional factor λuλ in (1).
Hence we fulfill 12 div b + c+ λ > 0 which is in fact the above situation.
Remark 2. Note that the model parameters A, b, and c are time-independent. The
fully discrete analysis with the classical Euler scheme for time discretization can
be easily transferred to time-dependent parameters. For the variant version the
extension is an open question.
2.2. Variational formulation. A weak formulation of the model problem (1)–
(7) can be derived with a non-symmetric coupling approach with the boundary
integral operators V and K. The derivation of the weak formulation in [EES17]
applies for our more general problem (1)–(7) by some obvious modifications and is
thus skipped.
Problem 3 (Variational problem). Given f ∈ H ′T , g1 ∈ B′T , and g2 ∈ BT , find
u ∈ QT and φ ∈ BT such that
〈∂tu(t) , v〉Ω +A(u(t), v)− 〈φ(t) , v〉Γ = 〈f(t) , v〉Ω + 〈g2(t) , v〉Γ,(8)
〈(1/2−K)u(t)|Γ , ψ〉Γ + 〈Vφ(t) , ψ〉Γ = 〈(1/2−K)g1(t) , ψ〉Γ(9)
for all test functions v ∈ H = H1(Ω) and ψ ∈ B = H−1/2(Γ) and for a.e. t ∈ [0, T ].
The bilinear form A(·, ·) is defined by
A(u(t), v) := (A∇u(t)− bu(t) ,∇v)Ω + (cu(t) , v)Ω + 〈b · nu(t) , v〉Γout .
The exterior formulation, i.e., the transformation of the exterior problem (2)
and (7) into an integral equation, uses the single layer operator V and the double
layer operator K. For smooth enough input and x ∈ Γ they are given by
(Vψ)(x) =
∫
Γ
ψ(y)G(x− y) dsy and (Kθ)(x) =
∫
Γ
θ(y)
∂
∂ny
G(x− y) dsy,
where ny is a normal vector with respect to y and G(z) = − 12pi log |z| is the funda-
mental solution for the Laplace operator. As stated in [Cos88, Theorem 1], these
operators can be extended to linear bounded operators
V ∈ L(Hs−1/2(Γ), Hs+1/2(Γ)), K ∈ L(Hs+1/2(Γ), Hs+1/2(Γ)), s ∈ [− 12 , 12 ].
The double layer operator K fulfills a contraction property with constant CK ∈
[1/2, 1). Furthermore, V is symmetric and due to the assumption diam(Ω) < 1 also
H−1/2(Γ) elliptic. Therefore
‖ · ‖2V := 〈V· , ·〉Γ
defines a norm in H−1/2(Γ) which is equivalent to ‖ · ‖H−1/2(Γ).
For convenience we write the system (8)–(9) in a more compact form. With
the product spaces H = H × B and HT = QT × BT we introduce the continuous
bilinear form B : HT ×H → R by
B((u(t), φ(t)); (v, ψ)) :=A(u(t), v)− 〈φ(t) , v〉Γ
+ 〈(1/2−K)u(t)|Γ , ψ〉Γ + 〈Vφ(t) , ψ〉Γ,(10)
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and the linear functional F : H → R by
F ((v, ψ); t) := 〈f(t) , v〉Ω + 〈g2(t) , v〉Γ + 〈(1/2−K)g1(t) , ψ〉Γ.(11)
Then (8)–(9) is equivalent to:
Problem 4. Find u = (u, φ) ∈ HT such that
〈∂tu(t) , v〉Ω + B(u(t); v) = F (v; t) for all v = (v, ψ) ∈ H and a.e. t ∈ [0, T ].
(12)
Remark 5. The complete Cauchy data for the exterior problem are (ue(t)|Γ, ∂nue(t)|Γ) =
(u(t)|Γ−g1, φ), which results from the solution of the system (12). Then the solution
to the exterior problem can be expressed by the representation formula [McL00],
i.e.,
ue(x, t) =
∫
Γ
∂nyG(x, y)ue(y)|Γ dsy −
∫
Γ
G(x, y)∂nue(y)|Γ dsy.
The factor a(t) from (7) is calculated from a(t) = 12pi
∫
Γ
φ ds.
Theorem 6 (Well-posedness of the model problem). Let λmin(A)− 14CK > 0 with
CK ∈ [1/2, 1). The weak solution u = (u, φ) ∈ HT = QT × BT of the model
problem (8)–(9) or (12) exists and is unique. Furthermore, there holds
‖u‖HT + ‖φ‖BT + ‖∂tu‖H′T ≤ C
(‖f‖H′T + ‖q‖L2(Ω) + ‖g2‖BT + ‖g1‖B′T )
with a constant C > 0 which depends only on the domain Ω and the time horizon
T .
Proof. The bilinear form B(·; ·) is H-elliptic and continuous, see [EOS17, Theorem
1 and Remark 2]. Hence, the proof of [EES17, Theorem 4] is applicable. 
Remark 7. The condition λmin(A) − CK/4 > 0 results from our non-symmetric
coupling approach. In general, this is not necessary for well-posedness of the model
problem (1)–(7), e.g., if one uses the symmetric coupling approach.
3. Vertex-centered Finite Volume Method
In contrast to the previous work [EES17] we employ FVM instead of FEM to
solve the problem in the interior domain. Since FVM is based on a balance equa-
tion, it naturally conserves numerical fluxes. Furthermore, an (optional) upwinding
strategy guarantees stability of the numerical scheme also for convection dominated
problems but with retention of numerical flux conservation. An early (if not first)
mathematical analysis of the vertex-centered FVM is found in [BR87] and [Hac89].
Later works put the method into a more modern framework, see, e.g., [ELL02]
or [CLT04] for parabolic problems, or a Ce´a-type estimate for general second order
elliptic PDE in [EP16, EP17]. Since the FVM is based on two meshes we have to
introduce some additional notation. From now on we assume some more regularity
for the input data, namely f ∈ L2T,Ω and g2 ∈ L2T,Γ.
3.1. Triangulation and discrete spaces.
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Primal mesh. Let T denote a triangulation or primal mesh of Ω consisting of non-
degenerate closed triangles denoted by K ∈ T . The corresponding sets of nodes
and edges are denoted by N and E , respectively. We write hK := supx,y∈K |x− y|
for the Euclidean diameter of K ∈ T and hE for the length of an edge E ∈ E .
The maximum mesh size is h := maxK∈T hK . The triangulation is shape regular,
i.e., T is regular in the sense of Ciarlet [Cia78] and the ratio of the diameter hK
of any element K ∈ T to the diameter of its largest inscribed ball is bounded by a
constant independent of hK , the so called shape regularity constant. Furthermore,
we denote by EK ⊂ E the set of all edges of K, i.e., EK := {E ∈ E : E ⊂ ∂K} and
by EΓ := {E ∈ E : E ⊂ Γ} the set of all edges on the boundary Γ.
Dual mesh. For a visual construction of the dual mesh T ∗ from the primal mesh T
we refer to [EOS17, Figure 1]. We build boxes, called control volumes, by connecting
the center of gravity of an element K ∈ T with the midpoint of the edges E ∈ EK .
These control volumes constitute a new triangulation T ∗ of Ω whose elements are
non-degenerate and closed because of the non-degeneracy of the elements of the
primal mesh T . For every vertex ai ∈ N of T (i = 1 . . .#N ) we associate a unique
box Vi ∈ T ∗ containing ai.
Discrete spaces and piecewise constant interpolation. To define the FVM-
BEM coupling for the spatial discretization we introduce the discrete spaces
S1(T ) := {v ∈ C(Ω) : v|K affine for all K ∈ T } ,
P0(EΓ) :=
{
v ∈ L2(Γ) : v|E constant on E ∈ EΓ
}
,
P0(T ∗) := {v ∈ L2(Ω) : v|V constant on V ∈ T ∗} .
By means of the characteristic function χ∗i over the volume Vi associated with
ai ∈ N we write v∗h ∈ P0(T ∗) as
v∗h =
∑
ai∈N
v∗i χ
∗
i ,
with v∗i ∈ R. In that sense we define the T ∗-piecewise constant interpolation
operator
I∗h : C(Ω)→ P0(T ∗), (I∗hv)(x) :=
∑
ai∈N
v(ai)χ
∗
i (x)
which has the following properties:
Lemma 8. Let K ∈ T and E ∈ EK . For vh ∈ S1(T ) there holds∫
E
(vh − I∗hvh) ds = 0,(13)
‖vh − I∗hvh‖L2(K) ≤ hK‖∇vh‖L2(K),(14)
‖vh − I∗hvh‖L2(E) ≤ Ch1/2E ‖∇vh‖L2(K),(15)
‖I∗hvh‖L2(Ω) ≤ C‖vh‖L2(Ω).(16)
The constant C > 0 depends only on the shape regularity constant.
Proof. The estimates (13)–(15) are well known, see e.g. [EOS17, Lemma 3]. The
stability (16) follows from (14) and an inverse inequality [Cia78, Theorem 3.2.6],
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i.e.,
‖I∗hvh‖L2(Ω) ≤ ‖I∗hvh − vh‖L2(Ω) + ‖vh‖L2(Ω)
≤ Ch‖∇vh‖L2(Ω) + ‖vh‖L2(Ω) ≤ C‖vh‖L2(Ω).

Lemma 9 ([CL99, Lemma 2.2]). The operator I∗h is self-adjoint in the L2 scalar
product, which means that for all vh, wh ∈ S1(T )
(wh , I∗hvh)Ω = (vh , I∗hwh)Ω.(17)
This allows us to define the norm
‖wh‖χ := (wh , I∗hwh)1/2Ω ,(18)
which is equivalent to ‖wh‖L2(Ω).
3.2. Finite volume bilinear form. In the following we omit the dependence on
t in the notation. All expressions hold for a.e. t ∈ [0, T ]. A finite volume method
is based on the reformulation of the differential equation as a conservation law,
i.e., a balance equation through the boundary of some cells. We achieve that if we
formally integrate our interior equation (1) over the control volumes V ∈ T ∗ and
use the Gaussian divergence theorem to rewrite it;∫
V
f dx =
∫
V
∂tudx+
∫
∂V \Γ
(−A∇u+ bu) · n ds
+
∫
∂V ∩Γ
−(A∇u− bu) · n ds+
∫
V
cudx.
Now we make use of the jump relations (4)–(5) on the boundary. If we additionally
replace u by uh ∈ S1(T ) and φ = ∂nue|Γ by φh ∈ P0(EΓ) we get∫
V
∂tudx+
∫
∂V \Γ
(−A∇uh + buh) · n ds+
∫
∂V ∩Γout
b · nuh ds
−
∫
∂V ∩Γ
φh ds+
∫
V
cuh dx =
∫
V
f dx+
∫
∂V ∩Γ
g2 ds
for all V ∈ T ∗. By testing the equation with a piecewise constant function on the
dual mesh T ∗, we write the system as a Petrov-Galerkin method. Indeed, with
I∗hvh ∈ P0(T ∗) for all vh ∈ S1(T ) the FVM reads
AV (uh, vh)− 〈φh , I∗hvh〉Γ = (f , I∗hvh)Ω + 〈g2 , I∗hvh〉Γ(19)
with the finite volume bilinear form AV : S1(T )× S1(T )→ R defined by
AV (uh, vh) :=
∑
ai∈N
vh(ai)
(∫
∂Vi\Γ
(−A∇uh + buh) · n ds
+
∫
∂Vi∩Γout
b · nuh ds+
∫
Vi
cuh dx
)
.
(20)
Remark 10. Under certain conditions, e.g., A is only T -piecewise constant and
b = 0, c = 0, the matrix generated by the FVM bilinear form AV (·, ·) coincides
with the matrix generated by the FEM bilinear form. Thus the FEM and FVM
only differ in the right hand sides. See also [Hac89, Sections 3.1 and 3.2].
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3.3. Upwind stabilization. Here we will introduce the stabilization of FVM
through an upwind scheme which is mandatory to get a stable solution for con-
vection dominated problems. To define an upwind stabilization for FVM [RST08,
Section 3.1] we simply replace the terms with buh on the interior edges of the dual
mesh by a convex combination of the nodal values depending on the direction of
the convectional flux. On the intersection τij = Vi∩Vj 6= ∅ of two neighboring cells
we replace uh by
uh,ij := λijuh(ai) + (1− λij)uh(aj).(21)
The parameter λij is computed in the following way: first we compute the average
of the convection over the τij , i.e.,
βij :=
1
|τij |
∫
τij
b · ni ds,
where ni is the unit outer normal with respect to Vi, and the average of the diffusion
Aij :=
1
|τij |
∫
τij
A ds.
Then λij is defined by
λij := Φ(βij |τij |/‖Aij‖∞),
with a weight function Φ: R→ [0, 1] determined by the used upwind scheme. The
argument of this weight function is the local Pe´clet number, which describes the
ratio of the convection to the diffusion locally. The easiest scheme is the full upwind
scheme with Φ(t) := (sign(t) + 1)/2, which leads to uh,ij = uh(ai) for βij ≥ 0 and
uh,ij = uh(aj) otherwise. Since the full uwpinding scheme is very diffusive, another
option is the steerable upwinding defined by
Φ(t) :=
{
min(2|t|−1, 1)/2, for t < 0,
1−min(2|t|−1, 1)/2, for t ≥ 0.
Replacing the respective term in the original finite volume bilinear form (20) by (21)
leads to the upwind bilinear form (with Ni being the set of neighboring nodes of
ai ∈ N ):
AupV (uh, vh) :=
∑
ai∈N
vh(ai)
(∫
∂Vi\Γ
−A∇uh · n ds+
∫
Vi
cuh dx
+
∑
j∈Ni
∫
τij
b · nuh,ij ds+
∫
∂Vi∩Γout
b · nuh ds
 .(22)
4. Semi-discretization
In this section we allow model input data q ∈ L2(Ω), f ∈ L2T,Ω, g1 ∈ B′T , and
g2 ∈ L2T,Γ. Similar to the semi-discretization with a FEM-BEM coupling [EES17],
we can also define a FVM-BEM coupling. More precisely, we replace the bilinear
form in the first equation (8) by the finite volume bilinear form and change the
test space as seen in (19). Based on the continuous case we define the functional
spaces HhT = L
2(0, T ;S1(T )), BhT = L2(0, T ;P0(EΓ)), and the energy space QhT =
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vh ∈ H1(0, T ;S1(T )) : vh(0) = Phq
}
, where Ph : L
2(Ω) → S1(T ) denotes the
L2-orthogonal projection defined by
(Phv , wh)Ω = (v , wh)Ω for all wh ∈ S1(T ).(23)
This results in the following semi-discrete problem.
Problem 11. Find uh(t) ∈ QhT and φh(t) ∈ BhT such that
(∂tuh(t) , I∗hvh)Ω +AV (uh(t), vh)− 〈φh(t) , I∗hvh〉Γ = (f(t) , I∗hv)Ω + 〈g2(t) , I∗hv〉Γ,
(24)
〈(1/2−K)u(t) , ψ〉Γ + 〈Vφ(t) , ψ〉Γ = 〈(1/2−K)g1(t) , ψ〉Γ,(25)
for all vh ∈ S1(T ), ψh ∈ P0(EΓ) and a.e. t ∈ [0, T ]. Obviously, the bilinear form
AV can be replaced by the upwind bilinear form AupV .
With HhT = QhT × BhT and Hh = S1(T ) × P0(EΓ) we define the more compact
bilinear form BV : HhT ×Hh → R by
BV ((uh(t), φh(t)); (vh, ψh)) :=AV (uh(t), vh)− 〈φh(t) , I∗hvh〉Γ
+ 〈(1/2−K)uh(t) , ψh〉Γ + 〈Vφh(t) , ψh〉Γ,(26)
and the linear functional FV : Hh → R by
FV ((vh, ψh); t) := (f(t) , I∗hvh)Ω + 〈g2(t) , I∗hvh〉Γ + 〈(1/2−K)g1(t) , ψh〉Γ.(27)
Hence the system (24)–(25) is equivalent to:
Problem 12. Find uh(t) = (uh(t), φh(t)) ∈ HhT such that
(∂tuh(t) , I∗hvh)Ω + BV (uh(t); vh) = FV (vh; t)(28)
for all vh = (vh, ψh) ∈ Hh and a.e. t ∈ [0, T ], where we can replace AV by AupV in
BV .
For the analysis of the system (28) we employ some results from the stationary
FVM-BEM coupling [EOS17]. The main idea is to measure the discrete difference
between the right-hand sides and the bilinear forms (10) and (26):
Lemma 13 ([EOS17, Lemma 5]). For wh = (wh, ϕh) ∈ Hh and an arbitrary but
fixed t there holds
|F (wh; t)− FV (wh; t))| ≤ C
( ∑
K∈T
hK‖f(t)‖L2(K))‖∇wh‖L2(K))
+
∑
E∈EΓ
h
1/2
E ‖g2(t)− g2(t)‖L2(E)‖∇wh‖L2(KE)
)
,
with a constant C > 0 independent of h. Here, g2(t) is the EΓ-piecewise integral
mean of g2(t) ∈ L2(Γ) and KE ∈ T the element associated with E.
Lemma 14 ([EOS17, Lemma 7]). For vh = (vh, ψh) ∈ Hh and wh = (wh, ϕh) ∈
Hh there holds
|B(vh; wh)− BV (vh; wh)| ≤ C
∑
K∈T
(
hK‖vh‖H1(K))‖wh‖H1(K))
)
,
with a constant C > 0 independent of h. The result still holds if we replace AV by
AupV in the corresponding bilinear forms.
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Remark 15. The restriction b·n ∈ P0(E inΓ ) in [EOS17, Lemma 7], where E inΓ denotes
the set of all edges on the inflow boundary Γin, results from the estimate [EOS17,
Lemma 6]. However, this is not necessary. In fact, we can estimate the last term
of [EOS17, eq. (38)] in the following way: let vh, wh ∈ S1(T ) and let vh ∈ P0(EΓ)
be the best L2(Γ) approximation of vh. We see with (13)
−
∑
E∈EinΓ
(b · nvh , wh − I∗hwh)E ≤ C
∑
E∈EinΓ
‖b‖L∞(E)|(vh − vh , wh − I∗hwh)E |
≤ C
∑
E∈EinΓ
‖b‖L∞(E)hKE‖vh‖H1(KE)‖wh‖H1(KE),
where KE ∈ T is the element associated with E. For the last estimate we used
the Cauchy-Schwarz inequality, ‖vh − vh‖L2(E) ≤ Ch1/2KE‖∇vh‖L2(KE), and (15).
The same applies for the stabilized FVM-BEM coupling versions with AupV and the
three-field FVM-BEM coupling, where we neither need this restriction in [Era12,
Lemma 5.2 and Theorem 5.3].
With Lemma 14 and the ellipticity of B(·; ·) we show:
Lemma 16 ([EOS17, Theorem 2]). For h small enough, let λmin(A) − 14CK > 0,
where CK ∈ [1/2, 1) is the contraction constant of the double layer operator K.
Then there holds for all vh = (vh, ψh) ∈ Hh
BV (vh; vh) ≥ CVstab‖vh‖2H = CVstab
(
‖vh‖2H1(Ω) + ‖ψh‖2H−1/2(Γ)
)
.(29)
The constant CVstab > 0 depends on the model data A, b, c and on CK. The
ellipticity still holds if we replace AV by AupV in (26). Furthermore, the bilinear
form is continuous.
Remark 17. The semi-discrete systems (24)–(25) and (28) lead to a system of
ordinary differential equations
MU ′h(t) +B
(
Uh(t)
Φh(t)
)
= F (t).
Here, Uh(t) ∈ Rn1 , Φh(t) ∈ Rn2 , and F (t) ∈ Rn1+n2 for some n1, n2 ∈ N and
a fixed but arbitrary t. The matrix B is positive definite which follows directly
from Lemma 16. The mass matrix M , resulting from (∂tuh , I∗hvh)Ω, is as well
positive definite; see, e.g., [CLT04, Section 3.]. Therefore, the ODE-system and
thus also the semi-discrete system are uniquely solvable by the theorem of Picard-
Lindelo¨f.
Beside the unique solvability we also establish an energy estimate for the semi-
discretization, which is similar to the result for the continuous problem.
Lemma 18 (Well-posedness of the semi-discrete FVM-BEM). For h small enough,
let λmin(A)− 14CK > 0, CK ∈ [1/2, 1). The solution (uh, φh) ∈ HhT of (28) fulfills
‖uh‖HT + ‖φh‖BT ≤ ‖f‖L2T,Ω + ‖q‖L2(Ω) + ‖g2‖L2T,Γ + ‖g1‖B′T .
Proof. In (28) we choose vh = (uh(t), φh(t)) ∈ Hh for the test function for a fixed
but arbitrary t. With ‖uh(t)‖2L2(Ω) ≤ C‖uh(t)‖2χ = (uh(t) , I∗huh(t))Ω from Lemma 9,
the ellipticity (29) of BV , and the stability ‖I∗huh(t)‖L2(Ω) ≤ C‖uh(t)‖L2(Ω) the re-
sult follows from standard calculations, see, e.g., [Eva10, Section 7.1.2, Theorem
2]. 
12 C. ERATH AND R. SCHORR
The main result of this section is the following convergence of the semi-discrete
scheme.
Theorem 19 (Convergence of the semi-discrete FVM-BEM). There exists hmax >
0 such that for T sufficiently fine, i.e., h < hmax, the following statement holds:
Let λmin(A) − 14CK > 0, CK ∈ [1/2, 1). The discrete solution uh = (uh, φh) ∈
HhT = QhT ×BhT of (28) converges to the weak solution u = (u, φ) ∈ HT = QT ×BT
of (12) , i.e., there holds
‖u− uh‖HT ≤ C
[
h‖f‖L2T,Ω + h
1/2‖g2 − g2‖L2T,Γ + h‖vh‖HT
+ h‖∂tvh‖L2T,Ω + ‖∂tu− ∂tvh‖H′T + ‖u− vh‖HT
]
.
for all vh = (vh, ψh) ∈ HhT and with g2 being the EΓ-piecewise integral mean of
the normal derivative jump g2 ∈ L2T,Γ. The constant C > 0 depends on the model
parameters and the shape regularity constant but not on h. The result still holds if
we replace AV by AupV in the corresponding bilinear forms.
Proof. Let vh = (vh, ψh) ∈ HhT be arbitrary. First we split the error into an
approximation error and a discrete error component;
‖u− uh‖H ≤ ‖u− vh‖H + ‖uh − vh‖H.(30)
Hence, we only have to estimate the norms of the discrete error wh = (wh, ϕh) :=
uh − vh ∈ HhT . Since I∗h is self-adjoint (17) and defines a norm (18) we see that
1
2∂t‖wh‖2χ = (∂twh , I∗hwh)Ω. The ellipticity (29) of the finite volume bilinear form
BV (·; ·) leads to
1
2
∂t‖wh‖2χ + ‖wh‖2H . (∂twh , I∗hwh)Ω + BV (wh; wh).
Using the discrete FVM-BEM scheme (28) and adding the weak form (12) we see
1
2
∂t‖wh‖2χ + ‖wh‖2H ≤ 〈∂tu ,wh〉Ω − (∂tvh , I∗hwh)Ω + FV (wh; t)− F (wh; t)
+ B(vh; wh)− BV (vh; wh) + B(u− vh; wh).
To estimate the terms with the time derivatives we apply (14):
〈∂tu ,wh〉Ω − (∂tvh , I∗hwh)Ω
= (∂tvh , wh − I∗hwh)Ω + 〈∂tu− ∂tvh , wh〉Ω
. h‖∂tvh‖L2(Ω)‖∇wh‖L2(Ω) + ‖∂tu− ∂tvh‖H1(Ω)′‖wh‖H1(Ω).
(31)
We estimate the other terms by Lemma 13, Lemma 14, and the continuity of the
bilinear form B. Thus we get
1
2
∂t‖wh‖2χ + ‖wh‖2H .
(
‖∂tu− ∂tvh‖H1(Ω)′ + h‖∂tvh‖L2(Ω) + h‖f‖L2(Ω)
+ h1/2‖g2 − g2‖L2(Γ) + h‖vh‖H1(Ω) + ‖u− vh‖H
)
‖wh‖H.
Young’s inequality with ε > 0, integration over t from 0 to T , and the fact that∫ T
0
1
2
∂t‖wh‖2χ dt =
1
2
‖wh(T )‖2χ︸ ︷︷ ︸
≥0
− 1
2
‖wh(0)‖2χ︸ ︷︷ ︸
=0
≥ 0.
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lead to
‖wh‖2HT ≤ C
1
ε
[
‖∂tu− ∂tvh‖2H′T + ‖u− vh‖
2
HT + h‖g2 − g2‖2L2T,Γ
+ h2
(
‖f‖2L2T,Ω + ‖vh‖
2
HT + ‖∂tvh‖2L2T,Ω
)]
+ Cε‖wh‖2HT .
We consequently choose ε > 0 such that Cε ≤ 1/2 and conclude the assertion with
wh = uh − vh and the error splitting (30). For the stabilized FVM-BEM coupling
version with AupV the proof is the same. 
Before we state an a priori estimate we recall the following approximation re-
sults [EES17, Lemma 20]. We denote by Ph : L
2(Ω)→ S1(T ) and Πh : H−1/2(Γ)→
P0(EΓ) the L2(Ω)- and the H−1/2(Γ)-orthogonal projection, respectively. Besides
the L2-stability we also require the H1-stability of Ph for the next corollary to hold.
Remark 20. We say Ph is H
1-stable if there exists a constant CP > 0 such that
‖Phv‖H1(Ω) ≤ CP ‖v‖H1(Ω) for all v ∈ H1(Ω). If T is quasi-uniform H1-stability
for our chosen function space follows via an inverse inequality. For more general
meshes and details we refer to [EES17, Remark 21].
Lemma 21. Let Ph be H
1-stable, e.g., T is quasi-uniform. The operator Ph can
be extended to a bounded linear operator on H1(Ω)′. Hence, for all 0 ≤ s ≤ 1 and
0 ≤ se ≤ 3/2 we have
‖v − Phv‖H1(Ω) ≤ Chs‖v‖H1+s(Ω), v ∈ H1+s(Ω),
‖v − Phv‖H1(Ω)′ ≤ Chs‖v‖H1−s(Ω)′ , v ∈ H1−s(Ω)′,
‖ψ −Πhψ‖H−1/2(Γ) ≤ Chse‖ψ‖H−1/2+se (Γ), ψ ∈ H−1/2+se(Γ).
The constant C > 0 is independent of the particular choice of the triangulation.
Corollary 22 (Convergence rates of the semi-discrete FVM-BEM). Let Ph be H
1-
stable, e.g., T is quasi-uniform. With the assumptions of Theorem 19 we obtain
‖u− uh‖HT ≤ C
[
hs
(
‖u‖L2(0,T ;H1+s(Ω)) + ‖∂tu‖L2(0,T ;H1−s(Ω)′) + ‖φ‖L2(0,T ;Hs−1/2(Γ))
+ ‖g2‖L2(0,T ;L2(Γ)∩Hs−1/2(Γ))
)
+h
(
‖f‖L2T,Ω + ‖u‖L2T,Ω + ‖∂tu‖L2T,Ω
)]
= O(hs).
for all 0 ≤ s ≤ 1, u(t) ∈ H1+s(Ω), ∂tu(t) ∈ L2(Ω), φ(t) ∈ H−1/2+s(Γ), g2(t) ∈
L2(Γ) ∩H−1/2+s(Γ), and for a.e. t ∈ [0, T ].
Proof. The result follows directly from Theorem 19 and Lemma 21 with vh = Phu
and ψh = Πhφ. 
Remark 23. In Corollary 22 it is enough to demand φ(t) ∈ H−1/2+s(EΓ) and
g2 ∈ H−1/2+s(EΓ) if s > 1/2. More precisely, for ψ ∈ Hse(EΓ), 0 ≤ se ≤ 1,
with Hse(EΓ) :=
{
ψ ∈ L2(Γ) : ψ|E ∈ Hse(E) for all E ∈ EΓ
}
, there holds ‖ψ −
Πhψ‖H−1/2(Γ) ≤ Ch1/2+se‖ψ‖L2(EΓ) with ‖ψ‖2Hse (EΓ) =
∑#EΓ
i=1 ‖v|E‖2Hs(E).
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5. Full-discretization
In section 4 we introduced a FVM-BEM coupling for a discretization of the
model problem (1)–(7) in space. This semi-discretization leads to a stiff system of
ordinary differential equations, see Remark 17. The advantage of this method of
lines approach is that we can choose between several time discretization schemes.
In this section we analyze the subsequent time discretization of this system by
an implicit scheme. We introduce a variant of the backward Euler scheme which
allows us to present an analysis under minimal regularity assumptions but with
a slightly more expensive right-hand side. Furthermore, we define a fully discrete
system with the aid of a classical backward Euler scheme for time discretization
where we demand the usual regularity for the time component of the model data
and solution.
Let us first divide the time interval [0, T ] intoN ∈ N time-steps, i.e, 0 = t0 < t1 <
. . . < tN = T . Then τn = tn − tn−1 is the local time step and τ = maxn=1,...,N τn.
For a smooth enough function v we write vn := v(tn) for the function evaluation
at tn. Consequently, we abbreviate the discrete time derivative by
dτv
n :=
1
τn
(
vn − vn−1).
5.1. A variant of the backward Euler scheme. In this section a special time
discretization allows us to analyze a fully discrete system with minimal regularity
assumptions on the model solution u = (u, φ) ∈ HT = QT × BT of (12). The
model input data are still q ∈ L2(Ω), f ∈ L2T,Ω, g1 ∈ B′T , and g2 ∈ L2T,Γ. Let us
note that a similar method was used in [Tan14, Section 4.1.] for the discretization
of a parabolic problem and in [EES17, Section 4.] for a parabolic-elliptic problem
with a FEM-BEM discretization in space. In contrast, a classical approach for
the time analysis from the literature requires slightly higher regularity in the time
component, but is computationally cheaper, see also section 5.2. Hence, we search
for functions uh,τ ∈ Qh,τT and φh,τ ∈ Bh,τT with
Qh,τT :=
{
v ∈ C(0, T ;S1(T )) : v(0) = Phq, v|[tn−1,tn] is linear in t
}
and
Bh,τT :=
{
ψ ∈ L2(0, T ;P0(EΓ)) : ψ|(tn−1,tn] is constant in t
}
.
The notation in product space reads uh,τ = (uh,τ , φh,τ ) ∈ Hh,τT := Qh,τT × Bh,τT .
For uh,τ ∈ Qh,τT the operator ∂t has to be understood piecewise with respect to the
time mesh, in particular, there holds
∂tuh,τ |(tn−1,tn) = dτunh,τ with dτunh,τ :=
1
τn
(unh,τ − un−1h,τ ).(32)
We further introduce weighted averages
v̂n =
1
τn
∫ tn
tn−1
v(t)ωn(t) dt with ωn(t) =
6t− 2tn − 4tn−1
τn
(33)
and define our fully discrete system as follows.
Problem 24 (VarBE-FVM-BEM). Find uh,τ ∈ Qh,τT and φh,τ ∈ Bh,τT such that
(∂̂tu
n
h,τ , I∗hvh)Ω +AV (ûnh,τ , vh)− (φ̂nh,τ , I∗hvh)Γ = (f̂n , I∗hvh)Ω + (ĝn2 , I∗hvh)Γ,
(34)
((1/2−K)ûnh,τ , ψh)Γ + (Vφ̂nh,τ , ψh)Γ = ((1/2−K)ĝn1 , ψh)Γ(35)
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for all vh ∈ S1(T ) ⊂ H1(Ω) and ψh ∈ P0(T ) ⊂ H−1/2(Γ) and for all 1 ≤ n ≤ N .
In compact notation: Find uh,τ = (uh,τ , φh,τ ) ∈ Hh,τT such that
(∂̂tu
n
h,τ , I∗hvh)Ω + BV (ûnh,τ ; vh) = F̂V (vh; t)(36)
for all vh = (vh, ψh) ∈ Hh. Here, F̂V is the ω-weighted average (33) of FV defined
in (27). In (34) and in (36) we can replace AV by AupV .
The next lemma emphasizes the interpretation of Problem 24 as a variant of a
classical backward Euler time discretization.
Lemma 25 ([EES17, Section 4]). Choose ωn(t) = 6t−2t
n−4tn−1
τn as the linear weight
function, For all n ∈ N, vh,τ ∈ Qh,τT , and ψh,τ ∈ Bh,τT there holds
v̂nh,τ = v
n
h,τ , ∂̂tv
n
h,τ = dτv
n
h,τ =
1
τn
(vnh,τ − vn−1h,τ ), and ψ̂nh,τ = ψnh,τ .(37)
Since vh,τ and ψh,τ are piecewise linear and constant, respectively, we easily see
that
‖vh,τ‖2HT ≤
4
3
N∑
n=1
τn‖vnh,τ‖2H1(Ω) and ‖ψh,τ‖2BT ≤
N∑
n=1
τn‖ψnh,τ‖2H−1/2(Ω).
(38)
Furthermore, for any v ∈ L2(0, T ;X) with values in some Hilbert space X, the
Cauchy-Schwarz inequality and ‖ωn(t)‖L2(tn−1,tn) = 4τn lead to
N∑
n=1
τn‖v̂n‖2X ≤ 4‖v‖2L2(0,T ;X).(39)
Remark 26. With the identities (37), the discrete system (34)–(35) is equivalent to
(dτu
n
h,τ , I∗hvh)Ω +AV (∇unh,τ , I∗hvh)− (φnh,τ , I∗hvh)Γ = (f̂n , I∗hvh)Ω + (ĝn2 , I∗hvh)Γ,
(40)
((1/2−K)unh,τ , ψh)Γ + (Vφnh,τ , ψh)Γ = ((1/2−K)ĝn1 , ψh)Γ(41)
for all vh ∈ S1(T ) ⊂ H1(Ω) and ψh ∈ P0(EΓ) ⊂ H−1/2(Γ), and for all 1 ≤ n ≤
N . The same holds if we replace AV by AupV . This system differs from a time
discretization by a classical backward Euler only in the right-hand side, cp. (45)–
(46) in section 5.2.
As in [EES17] we rewrite the variational form (8)–(9) to see that the fully discrete
system (34)–(35) is consistent. More precisely, by testing (8)–(9) with v = vh and
ψ = ψh, multiplication with the weight function ω
n, and integration over the time
interval [tn−1, tn], we see that
〈∂̂tu
n
, vh〉Ω +A(ûn, vh)− 〈φ̂n , vh〉Γ = 〈f̂n , vh〉Ω + 〈ĝn2 , vh〉Γ,
〈(1/2−K)ûn , ψh〉Γ + 〈Vφ̂n , ψh〉Γ = 〈(1/2−K)ĝn1 , ψh〉Γ
for all vh ∈ S1(T ), ψh ∈ P0(EΓ). We write this system in the compact form with
u = (u, φ) ∈ HT
〈∂̂tu
n
, vh〉Ω + B(ûn; vh) = F̂ (vh; t)(42)
for all vh ∈ Hh, where F̂ is the ω-weighted averaged (33) of F defined in (11).
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Lemma 27 (Well-posedness of the fully discrete system VarBE-FVM-BEM). For
h small enough, let λmin(A) − 14CK > 0, CK ∈ [1/2, 1). The solution uh,τ =
(uh,τ , φh,τ ) ∈ Hh,τT = Qh,τT ×Bh,τT of (36) fulfills
‖uh,τ‖HT ≤ ‖f‖L2T,Ω + ‖q‖L2(Ω) + ‖g2‖L2T,Γ + ‖g1‖B′T .
Proof. For a time tn we estimate
(dτu
n
h,τ , I∗hunh,τ )Ω ≥
1
τn
(unh,τ − un−1h,τ , I∗hunh,τ )Ω −
1
2τn
‖unh,τ − un−1h,τ ‖2χ
=
1
2τn
(unh,τ − un−1h,τ , I∗h(unh,τ + un−1h,τ ))Ω
=
1
2τn
(‖unh,τ‖2χ − ‖un−1h,τ ‖2χ),
(43)
where we used the fact that I∗h is self-adjoint (17). The assertion follows with stan-
dard arguments from the equivalent discrete system (40)–(41) with vh = u
n
h,τ , (43),
the ellipticity of BV , ‖I∗hunh,τ‖L2(Ω) ≤ C‖unh,τ‖L2(Ω), and (38)–(39). 
Theorem 28 (Convergence of the fully discrete system VarBE-FVM-BEM). There
exists hmax > 0 such that for T sufficiently fine, i.e., h < hmax, the following
statement holds: Let λmin(A) − 14CK > 0. For the solution u = (u, φ) ∈ HT =
QT ×BT of our model problem (12) and the discrete solution uh,τ = (uh,τ , φh,τ ) ∈
Hh,τT = Qh,τT ×Bh,τT of our fully discrete system (36) there holds
‖u− uh,τ‖HT . ‖u− vh,τ‖HT + ‖∂tu− ∂tvh,τ‖H′T + h‖∂tvh,τ‖L2T,Ω
+ h‖vh,τ‖HT + h‖f‖L2T,Ω + h
1/2‖g2 − g2‖L2T,Γ
for all vh,τ = (vh,τ , ψh) ∈ Hh,τT , where g2 ∈ L2(0, T ;P0(EΓ)) is the EΓ-piecewise
integral mean of g2 ∈ L2T,Γ. This result also holds if we replace AV by the upwind
version AupV .
Proof. The proof uses results and techniques from the proof of Theorem 19 and [EES17,
Lemma 14]. First we split the error into an approximation error and a discrete error
component, i.e., for arbitrary vh,τ = (vh,τ , ψh,τ ) ∈ Hh,τT = Qh,τT ×Bh,τT
‖u− uh,τ‖HT ≤ ‖u− vh,τ‖HT + ‖uh,τ − vh,τ‖HT .(44)
We only have to estimate the discrete error part. With the notation wh,τ =
(wh,τ , ϕh,τ ) := uh,τ − vh,τ ∈ Hh,τT we estimate for a time tn as in (43)
(dτw
n
h,τ , I∗hwnh,τ )Ω ≥
1
2τn
(‖wnh,τ‖2χ − ‖wn−1h,τ ‖2χ).
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With this estimate and the ellipticity (29) of BV we get with similar steps as for
the proof of Theorem 19
1
2τn
(‖wnh,τ‖2χ − ‖wn−1h,τ ‖2χ) + ‖wnh,τ‖2H
. (dτwnh,τ , I∗hwnh,τ )Ω + BV (wnh,τ ; wnh,τ )
. 〈∂̂tu
n
, wnh,τ 〉Ω − (dτvnh,τ , I∗hwnh,τ )Ω + F̂V (wnh,τ ; t)− F̂ (wnh,τ ; t)
+ B(vnh,τ ; wnh,τ )− BV (vnh,τ ; wnh,τ ) + B(û− vnh,τ ; wnh,τ )
.
(
‖∂̂tu
n − dτvnh,τ‖H1(Ω)′ + h‖dτvnh,τ‖L2(Ω) + h‖f̂‖L2(Ω) + h1/2‖ĝ2 − ĝ2‖L2(Γ)
+ h‖vnh,τ‖H1(Ω) + ‖û− vnh,τ‖H
)
‖wnh,τ‖H,
where we used the discrete system (36) with ûnh,τ = uh,τ and the ω-weighted vari-
ational form (42). In the last step we used (31), Lemma 13, Lemma 14, and the
continuity of the bilinear form B. Young’s inequality with  > 0, multiplying the
whole inequality with τn and summing over n lead to
1
2
‖wNh,τ‖2χ +
N∑
n=1
τn‖wnh,τ‖2H
.
N∑
n=1
τn
(
‖∂̂tu
n − dτvnh,τ‖2H1(Ω)′ + h2‖dτvnh,τ‖2L2(Ω) + h2‖f̂‖2L2(Ω)
+ h‖ĝ2 − ĝ2‖2L2(Γ) + h2‖vnh,τ‖2H1(Ω) + ‖û− vnh,τ‖2H
)
.
Finally, we estimate with dτv
n
h,τ = ∂̂tv
n
h,τ and v
n
h,τ = v̂
n
h,τ from (37), and the
inequalities (38)–(39)
‖wh,τ‖2HT . ‖∂tu− ∂tvh,τ‖2H′T (Ω)′ + h
2‖∂tvh,τ‖2L2T,Ω + h
2‖f‖2L2T,Ω
+ h‖g2 − g2‖2L2T,Γ + h
2‖vh,τ‖2HT (Ω) + ‖u− vh,τ‖2HT
With wh,τ = uh,τ − vh,τ and (44) we prove the assertion. 
For the full discretization we also require the L2-projection in time, i.e., we define
the operators
P τ : QT → QτT :=
{
v ∈ QT : v|[tn−1,tn] is linear in t
}
,
Πτ : BT → BτT :=
{
ψ ∈ BT : ψ|(tn−1,tn] is constant in t
}
.
For sufficiently smooth functions these satisfy
‖v − P τv‖QT ≤ Cτ r
(‖∂tv‖Hr(0,T ;H1(Ω)′) + ‖v‖Hr(0,T ;H1(Ω))), 0 ≤ r ≤ 1,
‖ψ −Πτψ‖BT ≤ Cτ r‖ψ‖Hr(0,T ;H−1/2(Γ)), 0 ≤ r ≤ 1.
With the estimates for the projection Ph and Πh in Lemma 21 and the estimates
for P τ and Πτ the following corollary is valid if Ph is H
1-stable, see Remark 20.
Corollary 29 (A priori estimate for the fully discrete system VarBE-FVM-BEM).
Let Ph be H
1-stable, e.g., T is quasi-uniform. With the assumptions of Theorem 28
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there holds
‖u− uh,τ‖HT . hs
(
‖u‖L2(0,T ;H1+s(Ω)) + ‖∂tu‖L2(0,T ;H1−s(Ω)′) + ‖φ‖L2(0,T ;Hs−1/2(Γ))
+ ‖g2‖L2(0,T ;L2(Γ)∩H−1/2+s(Γ))
)
+ h‖∂tu‖L2T,Ω + h‖u‖HT + h‖f‖L2T,Ω
+ τ r
(
‖∂tu‖Hr(0,T ;H1(Ω)′) + ‖u‖Hr(0,T ;H1(Ω)) + ‖φ‖Hr(0,T ;H−1/2(Γ))
)
= O(hs + τ r)
for all 0 ≤ s ≤ 1 and 0 ≤ r ≤ 1 with u ∈ Hr(0, T ;H1+s(Ω)), ∂tu ∈ Hr(0, T ;L2(Ω)),
and φ ∈ Hr(0, T ;H−1/2+s(Γ)), and g2(t) ∈ L2(0, T ;L2(Γ) ∩ H−1/2+s(Γ)). The
(hidden) constant depends only on the domain Ω and the time horizon T .
Proof. The proof follows the lines of the proof of [EES17, Theorem 24] and uses
Theorem 28 with vh,τ = P
τPhu and ψh,τ = Π
τΠhφ. 
Remark 30. In Corollary 29 it is enough to demand φ ∈ Hr(0, T ;H−1/2+s(EΓ))
and g2 ∈ L2(0, T ;H−1/2+s(EΓ)) if s > 1/2, see Remark 23. The constraint τ ≤ 1/4
in [EES17, Lemma 14, Theorems 15, 24] is needed there since the bilinear form
only satisfies a G˚arding inequality.
5.2. The classical backward Euler scheme. In the following we define a clas-
sical backward Euler approach for the time discretization of the semi-discrete sys-
tem (24)–(25) or (28). In contrast to section 5.1 we require more regularity in the
time component for some model input data, namely, q ∈ L2(Ω), f ∈ H1(0, T ;L2(Ω)),
g1 ∈ H1(0, T ;H1/2(Γ)), and g2 ∈ H1(0, T ;L2(Γ)). With the notation introduced
in the beginning of section 5 the fully discrete system reads:
Problem 31 (ClaBE-FVM-BEM). Set u0h = Phq ∈ S1(T ). Find sequences unh ⊂
S1(T ) and φnh ⊂ P0(EΓ) for n = 1, . . . , N such that
(dτu
n
h , I∗hvh)Ω +AV (∇unh, I∗hvh)− (φnh , I∗hvh)Γ = (fn , I∗hvh)Ω + (gn2 , I∗hvh)Γ,
(45)
((1/2−K)unh , ψh)Γ + (Vφnh , ψh)Γ = ((1/2−K)gn1 , ψh)Γ(46)
for all vh ∈ S1(T ) ⊂ H1(Ω) and ψh ∈ P0(T ) ⊂ H−1/2(Γ).
In compact notation: Find the sequence unh = (u
n
h, φ
n
h) ∈ Hh = S1(T )×P0(EΓ) for
n = 1, . . . , N with u0h = Phq such that
(dτu
n
h , I∗hvh)Ω + BV (unh; vh) = FV (vh, tn)(47)
for all vh = (vh, ψh) ∈ Hh = S1(T )× P0(EΓ), where FV (vh, tn) is defined in (27).
Remark 32. In fact, the system ClaBE-FVM-BEM (45)–(46) only differs from the
variant VarBE-FVM-BEM (34)–(35) in the right-hand side, see also Remark 26.
To analyze the system (47) we frequently use a Taylor series approximation in
the time component of the following type.
Lemma 33. Let g ∈ H1([0, T ]). Then
N∑
n=1
τn(gn)2 =
N∑
n=1
τng(tn)2 . ‖g‖2L2(0,T ) + τ2‖g′‖L2(0,T ).(48)
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Proof. For tn−1 ≤ t ≤ tn we see with Taylor expansion and the Cauchy-Schwarz
inequality
g(tn)2 ≤ 2
[
g2(t) +
(∫ t
tn−1
g′(s) ds
)2]
≤ 2
[
g2(t) + τn
∫ tn
tn−1
(g′(s))2 ds
]
Integration over [tn−1, tn] and summing over n = 1, . . . , N leads to the assertion. 
We consider the solutions unh and φ
n
h of (47) to be approximations for u(t
n) and
φ(tn), respectively. First we state the unique solvability of our fully discrete system:
Lemma 34 (Well-posedness and discrete energy estimate). The solution (unh, φ
n
h) ∈
Hh = S1(T )× P0(EΓ) for n = 1, . . . , N of (47) is unique and fulfills
N∑
n=1
τn
(‖unh‖2H1(Ω + ‖φnh‖2H−1/2(Γ))
≤ C(‖q‖2L2(Ω) + ‖f‖2H1(0,T ;L2(Ω)) + ‖g1‖2H1(0,T ;H1/2(Γ)) + ‖g2‖2H1(0,T ;L2(Γ))).
Proof. Testing (47) with vh = (vh, ψh) = (u
n
h, φ
n
h), (43), the ellipticity of BV ,
‖I∗hunh‖L2(Ω) ≤ C‖unh‖L2(Ω), and standard arguments lead to
‖uNh ‖2L2(Ω) +
N∑
n=1
τn
(
‖unh‖2H1(Ω) + ‖φnh‖2H−1/2(Γ)
)
≤ C
(
‖q‖2L2(Ω) +
N∑
n=1
τn
(‖fn‖2L2(Ω) + ‖gn2 ‖2L2(Γ) + ‖gn1 ‖2H1/2(Γ))).
(49)
Due to the regularity of the model data we may apply (48) to show the assertion. 
The following theorem provides the convergence of the fully discrete scheme.
Theorem 35 (Convergence of the fully-discrete discrete system ClaBE-FVM-BEM).
There exists hmax > 0 such that for h sufficiently small, i.e., h < hmax the follow-
ing statement holds: Let λmin(A) − 14CK > 0, CK ∈ [1/2, 1). Moreover, let u and
φ and the data be sufficiently smooth. Then the solution unh = (u
n
h, φ
n
h) ∈ Hh =
S1(T ) × P0(EΓ) of (47) converges to the weak solution u = (u, φ) of (12). More
precisely: if u ∈ H1(0, T ;H1(Ω)), ∂tu ∈ H1(0, T ;H1(Ω)′), ∂ttu ∈ L2(0, T ;H1(Ω)′),
and φ ∈ H1(0, T ;H−1/2(Γ)), and the data model q ∈ L2(Ω), f ∈ H1(0, T ;L2(Ω)),
g1 ∈ H1(0, T ;H1/2(Γ)), and g2 ∈ H1(0, T ;L2(Γ)) there holds[ N∑
n=1
τn‖u(tn)− unh‖2H
]1/2
=
[ N∑
n=1
τn
(
‖u(tn)− unh‖2H1(Ω) + ‖φ(tn)− φnh‖2H−1/2(Γ)
)]1/2
≤ C
[
‖u− vh‖HT + ‖∂tu− ∂tvh‖H′T + h1/2
(
‖g2 − g2‖L2T,Γ + τ‖∂tg2 − ∂tg2‖L2T,Γ
)
+ h
(
‖∂tvh‖L2T,Ω + ‖f‖L2T,Ω + τ‖∂tf‖L2T,Ω + ‖vh‖HT + τ‖∂tvh‖HT
)
+ τ
(
‖∂ttu‖H′T + ‖∂tu− ∂tvh‖HT
)]
for all vh = (vh, ψh) ∈ H1(0, T ;S1(T ))×H1(0, T ;P0(EΓ)) with vh(0) = Phq. The
statement also holds if we use the upwind stabilized bilinear form with AupV .
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Proof. First we split the error into an approximation error and a discrete error
component, i.e., for arbitrary vh = (vh, ψh) ∈ H1(0, T ;S1(T ) × H1(0, T ;P0(EΓ))
with vh(0) = Phq we split
‖u(tn)− unh‖H ≤ ‖u(tn)− vnh‖H + ‖unh − vnh‖H(50)
for n = 1, . . . , N . Next we estimate the discrete error part and define wnh :=
(wnh , ϕ
n
h) := u
n
h − vnh ∈ Hh. Note that w0h = 0. Following exactly the lines of the
proof for Theorem 28 but using (12) evaluated in tn and (47) we arrive at
1
2τn
(‖wnh‖2χ − ‖wn−1h ‖2χ)+ ‖wnh,τ‖2H
. 〈∂tu(tn) , wnh〉Ω − (dτvnh , I∗hwnh)Ω + FV (wnh ; tn)− F (wnh ; tn)
+ B(vnh ; wnh)− BV (vnh ; wnh) + B(u(tn)− vnh ; wnh).
(51)
For the difference of the first two terms on the right-hand side we see with the
Cauchy-Schwarz inequality, and the estimate (14) that
〈∂tu(tn) , wnh〉Ω − (dτvnh , I∗hwnh)Ω
= 〈∂tu(tn)− dτu(tn) , wnh〉Ω + 〈dτu(tn)− dτvnh , wnh〉Ω + (dτvnh , wnh − I∗hwnh)Ω
.
(
‖∂tu(tn)− dτu(tn)‖H1(Ω)′ + ‖dτu(tn)− dτvnh‖H1(Ω)′ + h‖dτvnh‖L2(Ω)
)
‖wnh‖H1(Ω).
The other terms in (51) can be bounded as before, using Lemma 13, Lemma 14, and
the continuity of the bilinear form B. With standard manipulations we estimate
1
2
‖wNh,τ‖2χ +
N∑
n=1
τn‖wnh,τ‖2H
.
N∑
n=1
τn
(
‖∂tu(tn)− dτu(tn)‖2H1(Ω)′ + ‖dτu(tn)− dτvnh‖2H1(Ω)′ + h2‖dτvnh‖2L2(Ω)
+ h2‖fn‖2L2(Ω) + h‖gn2 − g2(tn)‖2L2(Γ) + h2‖vnh‖2H1(Ω) + ‖u(tn)− vnh‖2H
)
.
With classical Taylor series, i.e., with the integral form of the remainder, we esti-
mate
N∑
n=1
τn‖∂tu(tn)− dτu(tn)‖2H1(Ω)′ ≤ τ2‖∂ttu‖2H′T ,
N∑
n=1
τn‖dτu(tn)− dτvnh‖2H1(Ω)′ ≤ ‖∂tu− ∂tvh‖2H′T ,
N∑
n=1
τn‖dτvnh‖2L2(Ω) ≤ ‖∂tvh‖2L2T,Ω .
For all the other terms we use (48) to finally prove the assertion with the error
splitting (50). 
For simplicity we only state first order convergence which follows directly from
Theorem 35 with the aid of Lemma 21.
Corollary 36 (First order convergence of the fully-discrete ClaBE-FVM-BEM).
Let Ph be H
1-stable, e.g., T is quasi-uniform. Additionally to the assumptions
of Theorem 35 we require u ∈ H1(0, T ;H2(Ω)), ∂tu ∈ H1(0, T ;L2(Ω)), ∂ttu ∈
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L2(0, T ;H1(Ω)′), and φ ∈ H1(0, T ;H1/2(Γ)), and for the model input data q ∈
L2(Ω), f ∈ H1(0, T ;L2(Ω)), g1 ∈ H1(0, T ;H1/2(Γ)), and g2 ∈ H1(0, T ;H1/2(Γ))
there holds
[ N∑
n=1
τn
(
‖u(tn)− unh‖2H1(Ω) + ‖φ(tn)− φnh‖2H−1/2(Γ)
)]1/2
= O(τ + h).
This also holds if we use the upwind stabilized bilinear form AupV instead of AV .
Remark 37. The left-hand sides from Theorem 35 and Corollary 36 are discrete
versions of the norm ‖ · ‖HT . By some linear interpolation and with (38) we
state the assertions as for the version with the variant backward Euler time dis-
cretization scheme in section 5.1. In Corollary 36 it is enough to demand φ ∈
H1(0, T ;H1/2(EΓ)) and g2 ∈ H1(0, T ;H1/2(EΓ)) if s > 1/2, see Remark 23. The
analysis with a Crank-Nicolson time discretization follows easily from the theory
developed in this section.
6. Numerical illustration
To illustrate the theoretical findings we will present three examples in two di-
mensions in this section. The calculations have been performed with Matlab using
some functions from the Hilbert-package [AEF+14] for the matrices resulting from
the integral operators V and K. Because the norm ‖φ(t) − φh(t)‖H−1/2(Γ) is not
computable, we will use the equivalent norm
‖φ(t)− φh(t)‖H−1/2(Γ) ∼ ‖φ(t)− φh(t)‖V := 〈V(φ(t)− φh(t)) , φ(t)− φh(t)〉Γ,
see [Era10] for details. Hence ‖φ − φnh‖L2(0,T ;V) is an equivalent norm to ‖φ −
φnh‖L2(0,T ;H−1/2(Γ)). All other spatial norms and time integrals are approximated
by Gaussian quadrature. We present results with the variant backward Euler
time discretization scheme. Note that in practice we implement (40)–(41) instead
of (34)–(35). In all examples we divide Ω into congruent triangles with a mesh size
h = 0.125. We divide the time interval [0, 1] into uniform time steps with step size
τn = τ = 0.05. The refinement will be uniform for both, the space and the time
grid, simultaneously.
6.1. Convection dominated diffusion-convection-reaction problem. The first
example has a prescribed smooth analytical solution. In the domain Ω = (0, 1/2)2,
we choose
u(x1, x2) = 0.5(1 + t)
(
1− tanh
(
0.25− x1
0.02
))
,
and as the solution in the corresponding exterior domain Ωe
ue(x1, x2) = (1− t) log
√
(x1 − 0.25)2 + (x2 − 0.25)2.
The interior solution has a simulated shock in the middle of the domain, which can
pose certain difficulties to the used method.
The diffusion A = αI has a jump, i.e.,
α =
{
0.42 for x2 < 0.25,
1 for x2 ≥ 0.25.
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‖φ− φh,τ‖L2(0,T ;V)
‖u− uh,τ‖HT
‖u− uh,τ‖HT + ‖φ− φh,τ‖L2(0,T ;V)
Figure 1. The different error components of the solutions uh,τ
and φh,τ for uniform refinement in time and space for the smooth
example in section 6.1. The added energy error norm (‖u −
uh,τ‖2HT + ‖φ− φh,τ‖L2(0,T ;V) shows first order convergence.
The convection field and the reaction coefficient are set to b = (1000x1, 0)
T and
c = 5, respectively. Furthermore, the jumps g1, g2, and the right-hand side f are
calculated by means of the analytical solution. Because the problem is convection-
dominated we use the full upwind stabilization AupV defined in (22). Both the
interior and the exterior solution are smooth, thus we expect first order convergence
as predicted by Corollary 29. This can be seen in Figure 1.
6.2. Diffusion problem on an L-shaped domain. The second test shows the
reduction of the order of convergence if we do not meet the regularity requirements.
We consider a purely diffusive problem of model problem (1)–(7) i.e., b = (0, 0)T
and c = 0. The diffusion matrix is chosen as
A =
(
10 + cosx1 160x1x2
160x1x2 10 + sinx2
)
.
On the L-shaped domain Ω = (−1/4, 1/4)2 \ [0, 1/4] × [−1/4, 0] we prescribe a
function with a singularity in the corner (0, 0): Let x = (x1, x2) = r(cosϕ, sinϕ)
with r ∈ R+ and ϕ ∈ [0, 2pi) be the polar coordinates of a point x, then the
analytical solution in the interior reads:
u(x1, x2) = (1 + t
2)r2/3 sin(2ϕ/3).
In the exterior domain Ωe we choose
ue(x1, x2) = (1− t) log
√
(x1 + 0.125)2 + (x2 − 0.125)2.
As above we compute the jumps g1, g2, and the right-hand side f accordingly. The
function in the interior has reduced regularity in space and it is only in H1+2/3−ε(Ω)
for every ε > 0. Hence, Corollary 29 predicts a reduced convergence order of
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‖φ− φh,τ‖L2(0,T ;V)
‖u− uh,τ‖HT
‖u− uh,τ‖HT + ‖φ− φh,τ‖L2(0,T ;V)
Figure 2. The different error components of the solutions uh,τ
and φh,τ for uniform refinement in time and space for the non-
smooth example in space in section 6.2. The added energy error
norm (‖u − uh,τ‖2HT + ‖φ − φh,τ‖L2(0,T ;V) shows a reduced order
of convergence.
O(h2/3), which is indeed observed in the convergence plot Figure 2 of our numerical
approximation.
6.3. A more practical problem. The last example is a more practical example,
where we do not know the analytical solution. Let Ω = (−1/4, 1/4)2. The diffusion
A = αI is set to
α =
{
10−2 for x1 < 0.25,
10−3 for x1 ≥ 0.25,
the convection to b = (0.25− 4x2, 4x1)T , and the reaction to c = 1. The jumps are
chosen to be zero and the right-hand side is chosen as
f(x1, x2, t) =

50 for − 0.2 ≤ x1 ≤ −0.1, −0.2 ≤ x2 ≤ −0.05, t < 0.25,
25 for − 0.2 ≤ x1 ≤ −0.1, 0.05 ≤ x2 ≤ 0.2, t < 0.5,
0 else.
This right-hand side may simulate a chemical compound being injected in two areas
until a certain point in time (t = 0.25 and t = 0.5). Hence, our model problem
describes the transport of this compound in a (porous) medium. Due to convection
dominance we apply the full upwind stabilization AupV defined in (22). The solution
is plotted at different times in Figure 3.
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(a) Solution at t = 0.0625. (b) Solution at t = 0.125. (c) Solution at t = 0.25.
(d) Solution at t = 0.5. (e) Solution at t = 0.75. (f) Solution at t = 1.
Figure 3. Solution of the transport problem in section 6.3 at
different times. The source is located at the left-hand side of the
domain and stronger in the lower half. We turn of the source in
the lower half at t = 0.25. At t = 0.5 the source is turned off
completely.
7. Conclusions
In this paper we considered parabolic-elliptic problems, where the interior prob-
lem can be convection dominated and the exterior domain is unbounded. The
coupling of the finite volume method (for the interior problem) and the boundary
element method (for the exterior problem) has been proven to be a good choice
for spatial discretization to handle all difficulties arising from this kind of interface
problems. We showed that the semi-discrete FVM-BEM coupling yields to unique
and stable solutions and converges under minimal regularity assumptions. The sub-
sequent discretization in time by a variant of the backward Euler method yields to
a fully discrete scheme that also converges under minimal regularity assumptions
on the solution. As an alternative we provided a time discretization with a classical
backward Euler scheme under standard regularity assumptions on the solution in
the time component. Note that our analysis can also be applied for standalone
FVM approximation (replace coupling conditions by boundary conditions) which
improves available results in the literature.
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